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INFINITESIMAL ISOMETRIES OF CONNECTION METRIC AND
GENERALIZED MOMENT MAP EQUATION
ARASH BAZDAR
Abstract. Let (M, g) be a smooth Riemannian manifold, K a compact Lie
group and p : P → M a principal K-bundle overM endowed with a connection
A. Fixing a bi invariant inner product on Lie algebra k of K, the connection
A and metric g define a Riemannian metric gA on P . Let X˜ be the horizontal
lift of vector field X on M and, let ξν be the vertical field associated with
section ν ∈ A0(ad(P )) of the adjoint bundle. It is proved that the connection
A is invariant under the 1-parameter group of local diffeomorphism generated
by X˜+ξν if and only if X and ν satisfy the generalized moment map equation
ιXFA = −∇
Aν. The Lie algebra of fiber preserving Killing fields of (P, gA) is
studied, in the case where K is compact, connected and semisimple.
1. Lifts associated to a section of the adjoint bundle
1.1. Introduction. Let (M, g) be a differentiable Riemannian manifold and K
be a compact Lie group. Let p : P → M be a principal K-bundle on M and A a
connection on P . The same notation A is used to denote the horizontal distribution
associated to connection A. Fixing an inner product ⟪·, ·⟫ on the Lie algebra k of K
we can define a Riemannian metric gA on P characterized by the following condition
(1) If VP := ker p∗ denotes the vertical bundle, then the canonical bundle
isomorphism VP ≃ P × k is an orthogonal bundle isomorphism with respect
to the inner products defined by gA and ⟪·, ·⟫.
(2) The restriction of p∗ : TP → TM to the horizontal subbundle A ⊂ TP gives
an orthogonal bundle isomorphism A→ p∗(TM ).
(3) By the definition, the horizontal distribution A ⊂ TP is K-invariant and
the following short exact sequence is splitting.
{0} → VP → TP → A→ {0}.
We require that the direct sum decomposition TP ≃ A⊕VP of the tangent
bundle TP is gA-orthogonal.
The metric gA on P defined in this way is called the connection metric and defines
a Riemannian submersion p : (P, gA) → (M, g) with totally geodesic fibers [13].
Moreover, if g is a complete metric on M , then the connection metric gA is also
complete [14]. We use I(M) to denote the group of isometries of (M, g). It is
well known that the isometry group of a compact manifold is a finite dimensional
Lie group [7]. The group of K-equivariant covering bundle isomorphisms of P is
defined by
IK(P ) := {(Φ, ϕ)| ϕ ∈ I(M), Φ : P → P is a ϕ-covering bundle isomorphism}.
The group IK(P ) has a natural topology (induced by the weak C
∞-topology [6,
section 2.1]). A map Φ : P → P is called ϕ-covering isomorphism of principal
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K-bundles, if it is a K-equivariant diffeomorphism of P such that the induced map
ϕ :M →M on the base manifold is a diffeomorphism satisfying p ◦Φ = ϕ ◦ p. Let
DiffAK(P ) denote the space ofK-equivariant diffeomorphism of P leaving connection
A invariant, I(P ) the group of isometries of (P, gA) and I
A
K(P ) the stabilizer of
connection A in the group IK(P ), then it is not difficult to prove that (Lemma 2.1)
IAK(P ) = Diff
A
K(P ) ∩ I(P ).
This Lie group play an important role in theory of locally homogeneous triples
introduced in [2]. A bundle map Φ : P → P is called fibre preserving if for all
x ∈M , it restricts to smooth map Φx : Px → PΦ(x). If IV (P ) denotes the Lie group
of all fiber preserving isometries of (P, gA) then we have I
A
K(P ) ⊂ IV (P ) ⊂ I(P ).
Use iK(P ), iV (P ) and i(P ) to denote the Lie algebras of I
A
K(P ), IV (P ) and I(P ).
Our goal is to describe the Lie algebra iV (P ) of all fiber preserving infinitesimal
isometries of (P, gA). If K is compact, connected and semisimple, we will give a
complete description of the structure of iV (P ). If P is compact, I(P ) is a finite
dimensional Lie group and therefore IAK(P ) and IV (P ) is also a finite dimensional.
Any element of the Lie algebra iV (P ) is an infinitesimal isometry (Killing vector
field) of total space P with respect to metric gA.
Definition 1.1. A vector field Y ∈ X (P ) on a principal K-bundle P is called fiber
preserving if, the 1-parameter group of local diffeomorphisms generated by Y maps
each fiber into another fiber.
Remark 1. A vector field Y ∈ X (P ) is fiber preserving if and only if the Lie bracket
[Y, Z] is vertical for any vertical vector field Z ∈ X v(P ).
Let us recall some basic facts about infinitesimal isometries (Killing vector fields).
A vector field X ∈ X (M) on Riemannian manifold (M, g) is called a Killing vector
field if, the 1-parameter group of local diffeomorphisms generated by it in a neigh-
borhood of each point of M are the local isometries. This is also equivalent to the
following conditions
(1) LXg = 0 (where LX denotes the Lie derivative with respect to X).
(2) For all vector fields X1, X2 ∈ X (M)
Xg(X1, X2) = g([X,X1], X2) + g(X1, [X,X2]).
For a compact manifold M , the set of all Killing vector fields on M is a finite
dimensional Lie subalgebra of X (M) and can be considered as the Lie algebra of
group of isometries I(M) and will be denoted by i(M).
1.2. Connections invariant by lifts. Let M be a smooth manifold of dimension
dimM = n. A rank r distribution on M is a subbundle D ⊂ TM of the tangent
bundle with constant rank r. In other words D is a smooth distribution if and
only if for any fixed point x0 ∈M , there exist a family {X1, ..., Xr} of vector fields
defined on some neighborhood U of x0 such that {X1(x), ..., Xr(x)} is a basis for
Dx at any point x ∈ U . We have the next result in the theory of distribution.
Lemma 1.2. Let M be a smooth n-dimensional manifold. Let D ⊂ TM be a rank
r distribution on M and let X be a vector field on M . If for every vector field
Y ∈ Γ(D) one has [X,Y ] ∈ Γ(D), then the distribution D is invariant under the
1-parameter group of local diffeomorphism generated by X.
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Proof. Fix x0 ∈M and choose an open neighborhood U ⊂M of x0 and ǫ > 0 such
that (−ǫ, ǫ)×U is contained in the maximal domain of definition of the flow of the
vector field X . We may suppose that the subbundle DU is trivial over U . Hence,
there exists a family {X1, ..., Xr} of smooth vector fields defined on U such that
{X1(x), ..., Xr(x)} is a basis for Dx at any point x ∈ U . Let γt denotes the flow
of the vector field X . We need just to prove that for every Y ∈ Γ(D), the local
field Yt := (γt)∗Yx defined at every (t, x) ∈ (−ǫ, ǫ) × U is a section of Γ(D). Let
{ω1, ..., ωn−r} be a family of independent 1-forms on U which define a basis of the
annihilator of Γ(DU ). Consider the functions
(1) ϕj(t) := ((γt)
∗ωj)(Yx) = (ωj)γt(x)(Yt).
Taking derivation with respect to t, we obtain
dϕj(t)
dt
= (LXωj)γt(x)(Yt) = Xγt(x)(ωj(Y ))− ωj([X,Y ])γt(x).
Since Y ∈ Γ(D) and [X,Y ] ∈ Γ(D), we have ωj(Y ) = ωj([X,Y ]) = 0. Hence
dϕj(t)/dt = 0 which means that ϕj(t) is constant. As ϕj(0) = 0, the right hand
side of (1) is vanishes and we have Yt ∈ Γ(D).
Proposition 1.3. Let p : P → M be a principal K-bundle over n-dimensional
manifold M . For a vector field Y ∈ X (P ) the following are equivalent
(1) The horizontal distribution A ⊂ TP is invariant under the 1-parameter
group of local diffeomorphism generated by Y .
(2) For every horizontal field Z ∈ X h(P ), the Lie bracket [Y, Z] is horizontal.
(3) For every horizontal lift X˜ ∈ X h(P ) of vector field X ∈ X (M), the Lie
bracket [Y, X˜] is horizontal.
Proof. (1) ⇔ (2) follows by Lemma 1.2. The implication (2) ⇒ (3) is evident. To
prove the implication (3) ⇒ (2), let Z ∈ X h(P ), so it is a section of horizontal
distribution A ⊂ TP . There exists an open set U ⊂ M , a family of horizontal lifts
X˜1, ..., X˜n on PU and a family of maps ϕ1, ..., ϕn such that Z = ϕ1X˜1+ ...+ϕnX˜n.
So, we have
[Y, Z] = [Y,
n∑
i=1
ϕiX˜i] =
n∑
i=1
(Y (ϕi)X˜i + ϕi[Y, X˜i]).
Since X˜i ∈ X
h(P ) and [Y, X˜i] ∈ X
h(P ) we have [Y, Z] ∈ X h(P ).
Proposition 1.4. Let p : P → M be a principal K-bundle on M endowed with a
connection A. If a# denotes the fundamental field corresponding to a ∈ k and X˜
is the horizontal lift of X ∈ X (M), then the vector field a# is invariant under the
1-parameter group of local diffeomorphism generated by X˜.
Proof. The vector field a# at y ∈ P is defined by
a#y :=
d
dt t=0
(y exp ta).
Let (βt) be the 1-parameter group of local diffeomorphism generated by X˜. The
vector field a# is invariant under (βt) if for all (t, y) ∈ R×P for which βt is defined,
one has
(βt)∗y(a
#
y ) = a
#
βt(y)
.
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Using Proposition 1.3 the vector field a♯ is invariant under βt if and only if [X˜, a
♯] =
0. Set kt = exp(ta) ∈ K and use Rkt∗X˜ = X˜ to obtain
[a#, X˜] = lim
t→0
1
t
(X˜ −Rkt∗X˜) = 0.
The canonical bundle isomorphism VP ≃ P × k can be used to identify the
Lie subalgebra of vertical fields X v(P ) := Γ(VP ) with the space of smooth map
C∞(P, k). This identification is given by ν 7→ ξν , where ξν is used to denote the
vertical field associated with ν ∈ C∞(P, k) and ξν : P → VP at a point y ∈ P is
defined by
ξνy :=
d
dt t=0
(y exp tν(y)).
A smooth map ν : P → k is called K-equivariant if, for every (y, k) ∈ P ×K one has
ν(yk) = adk−1ν(y), where ad : K → End(k) denotes the adjoint representation. The
space of all K-equivariant maps is denoted by CK(P, k). Now, suppose A0(ad(P ))
denotes the space of smooth sections of the adjoint bundle ad(P ) := P ×ad k→M .
There exists a natural identification between two sapces CK(P, k) and A0(ad(P )),
given at a point y ∈ Px (x ∈M) by
CK(P, k)→ A0(ad(P )), ν 7→ (x 7→ [y, ν(y)])
By the above discussion it is clear that:
Corollary 1.5. For each K-invariant vertical vector field Y ∈ X v(P ), there exists
a section ν ∈ A0(ad(P )) such that Y = ξν .
Lemma 1.6. Let p : P → M be a principal K-bundle endowed with connection
A. If X˜ denotes the horizontal lift of a vector field X on M , then for any section
ν ∈ A0(ad(P )) we have [X˜, ξν ] = ξ∇
A
Xν .
Proof. Let t 7→ xt = x(t) be an integral curve of X defined for t ∈ (−ε, ε) for some
ε > 0 with the initial condition x(0) = x0. The horizontal lift t 7→ yt of the path
t 7→ xt through a point y0 ∈ Px0 is the integral curve of X˜ with initial condition
y(0) = y0. A section ν ∈ A
0(ad(P )) can be regarded as a K-equivariant map
ν : P → k. Put at := ν(yt) ∈ k, for all t ∈ (−ε, ε). The vertical vector field ξ
ν
yt
is
given by
ξνyt = (at)
#
yt
=
d
ds s=0
(yt exp(sat)).
Let (βt)t∈(−ε,ε) be the 1-parameter group of local diffeomorphism generated by X˜.
We have
[X˜, ξν ]y0 = lim
t→0
1
t
{ξνy0 − (βt)∗(ξ
ν
y−t
)} = lim
t→0
1
t
{(a0)
#
y0
− (βt)∗(a−t)
#
y−t
}
Since (βt)∗(a−t)
#
y−t
= (a−t)
#
y0
, we have
[X˜, ξν ]y0 = lim
t→0
1
t
{(a0)
#
y0
− (a−t)
#
y0
} = {lim
t→0
1
t
(a0 − a−t)}
#
y0
= {(a˙t)t=0}
#
y0
= {
d
dt
ν(yt)t=0}
#
y0
= {dν(X˜y0)}
#
y0
= {∇AXy0 ν}
#
y0
= ξ
∇
A
Xy0
ν
.
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Lemma 1.7. Let p : P → M be a principal K-bundle. For any a ∈ k and any
section ν ∈ A0(ad(P )) we have [a#, ξν ] = 0. In particular, the vector field ξν is
K-equivariant.
Proof. Let (ϕt)t∈R be the 1-parameter group of diffeomorphisms generated by the
vector field a#. The maps ϕt : P → P are defiend by y 7→ y exp(ta). Let (fs)s∈R be
the 1-parameter group of diffeomorphisms generated by ξν . Using [7, Proposition
1.11] the Lie bracket [a#, ξν ] = 0 if and only if ϕt ◦ fs = fs ◦ ϕt for all s, t ∈ R.
Since fs is a bundle isomorphism, it commutes with the right translations and for
all y ∈ P
fs(ϕt(y)) = fs(y exp(ta)) = fs(y) exp(ta) = ϕt(fs(y)) .
Suppose p : P → M is a principal K-bundle over M with connection A and
use ∇A : A0(ad(P )) → A1(ad(P )) to denote the induced connection on ad(P ).
The covariant exterior derivative associated with connection A is denoted by d∇
A
:
Ar(ad(P ))→ Ar+1(ad(P )) and the curvature 2-form FA ∈ A
2(ad(P )) is defined by
FA = d
∇
A
◦ ∇A.
Let Y ∈ X (P ) be a vector field on P and (βt) be the 1-parameter group of local
diffeomorphism generated by it. We say that the connection A is invariant under
the 1-parameter group of local diffeomorphism generated by Y , if
(βt)∗Ay = Aβt(y).
for all (y, t) ∈ P × R for which βt(y) is defined.
Definition 1.8. Let p : P → M be a principal K-bundle over M endowed with a
connection A. Let X be a vector field on M and ν ∈ A0(ad(P )) be a section of the
adjoint bundle. We say that X and ν satisfy the generalized moment map equation
if ιXFA = −∇
Aν.
It is known [5, p. 257] that for two horizontal lifts X˜1, X˜2 of vector fields X1, X2
on M we have the following formula
(2) [X˜1, X˜2] = ˜[X1, X2]− ξ
FA(X1,X2).
Therefore, the horizontal projection of [X˜1, X˜2] is ˜[X1, X2] and the vertical projec-
tion of it is [X˜1, X˜2]
v = −ξFA(X1,X2).
Theorem 1.9. Let p : P → M be a principal K-bundle on M with connection
A and the curvature 2-form FA ∈ A
2(ad(P )). Let X˜ be the horizontal lift of a
vector field X on M and ν ∈ A0(ad(P )). The connection A is invariant under the
1-parameter group of local diffeomorphism generated by X˜+ξν if and only if X and
ν satisfy the generalized moment map equation.
Proof. By Proposition 1.3 the connection A is invariant under the 1-parameter
group of local diffeomorphism generated by X˜+ξν if and only if for every horizontal
lift Z˜ of vector field Z on M , the Lie bracket [X˜ + ξν , Z˜] is also horizontal. Using
equation (2) we obtain
[X˜ + ξν , Z˜] = [X˜, Z˜] + [ξν , Z˜] = [˜X,Z]− ξFA(X,Z) + [ξν , Z˜].
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The connection A is invariant under the 1-parameter group of local diffeomorphism
generated by X˜+ ξν if and only if [X˜+ ξν , Z˜] ∈ Γ(A). But, this happen if and only
if
(3) ξFA(X,Z) = [ξν , Z˜].
By Lemma 1.7, [ξν , Z˜] = −ξ∇
Aν(Z). Hence (3) is equivalent to ιXFA = −∇
Aν.
Proposition 1.10. Let X˜ be the horizontal lift of a vector field X on M and
let ν ∈ A0(ad(P )). If (βt) denotes the 1-parameter group of local diffeomorphism
generated by X˜ + ξν , then (βt) leaves invariant the vertical distribution.
Proof. Using Proposition 1.2 the vertical bundle VP is invariant by (βt) iff for any
section Z ∈ Γ(VP ) one has [X˜ + ξ
ν , Z] ∈ Γ(VP ). But
[X˜ + ξν , Z] = [X˜, Z] + [ξν , Z].
The integrability of vertical distribution imply [ξν , Z] ∈ Γ(VP ). Moreover, [X˜, Z] is
also a vertical section. To see this note that the space of vertical sections is a free
C∞(P )-module, generated by the fundamental vector fields. Thus, for any vertical
section Z ∈ Γ(VP ) there exists a family{a
#
1 , ..., a
#
r } of fundamental vector fields
and a family {f1, ..., fr} of smooth functions on P such that Z = f1a
#
1 + ...+ fra
#
r .
Therefore
[X˜, Z] = [X˜,
r∑
i=1
fia
#
i ] =
r∑
i=1
(dfi(X˜)a
#
i + fi[X˜, a
#
i ]) =
r∑
i=1
dfi(X˜)a
#
i ∈ Γ(VP ).
2. Fiber preserving infinitesimal isometries of connection metric
Let p : P →M be a principal K-bundle endowed with connection A. Let g be a
Riemannian metric on M and ⟪·, ·⟫ be a ad-invariant metric on the Lie algebra k of
K. We summarize these information by saying that (g, P
p
−→ M,A) is a K-triple
overM . For y ∈ P the fibre over x ∈M is denoted by Px := p
−1(x). For all y ∈ Px
the map τy : K → Px defined by τy(k) := yk is a diffeomorphism and can be used
to define a metric on the fiber Px. To show that this metric is well defined, let
y′ ∈ Px be another point in the fibre, then there exists k0 ∈ K such that y
′ = yk0.
For all k ∈ K
τyk0(k) = (yk0)k = y(k0k) = τy(lk0k) = (τylk0)(k).
where lk0 denotes the left translation by k0. Since the metric on K is ad-invariant
the induced metric on (VP )y ≃ TyPx is well defined. Use the linear isomorphism
Ay ≃ TxM to lift the metric gx on the base to a metric on the horizontal space Ay.
These two metrics define a metric gA on TP ≃ A⊕ VP .
If ωA ∈ A
1(P, k) denotes the connection 1-form associated to connection A, then
ωA and ad-invariant metric ⟪·, ·⟫ on k define a symmetric tensor ⟪ωA, ωA⟫ of type
(0, 2) acts on (v, w) ∈ TyP × TyP by
⟪ωA, ωA⟫(v, w) := ⟪ωA(v), ωA(w)⟫,
Adding p∗g to ⟪ωA, ωA⟫ we obtain a Riemannian metric gA := p
∗g + ⟪ωA, ωA⟫ on
total space P such that for all vectors v, w ∈ TyP
gA(v, w) = g (p∗(v), p∗(w)) + ⟪ωA(v), ωA(w)⟫.
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It is clear that gA is the connection metric on P .
Lemma 2.1. Suppose (g, P
p
−→ M,A) is a K-triple over M , then
(a) The right multiplication Rk : P → P is an isometry of P with respect to metric
gA.
(b) Let Φ ∈ DiffKA (P ) and denote the induced map on the base by ϕ ∈ Diff(M).
Then, Φ ∈ I(P ) if and only if ϕ ∈ I(M)
(c) IAK(P ) = Diff
A
K(P ) ∩ I(P ).
Proof. (a) Since the inner product ⟪·, ·⟫ is ad-invariant and for all k ∈ K: p◦Rk = p ,
R∗kωA = adk−1ωA we have
R∗kgA = R
∗
k(p
∗g) +R∗k⟪ωA, ωA⟫ = p
∗g + ⟪adk−1ωA, adk−1ωA⟫ = gA .
(b) Suppose Φ : P → P is a ϕ-covering bundle isomorphism which leaves invariant
the connection A, then p ◦ Φ = ϕ ◦ p and Φ∗ωA = ωA. If ϕ ∈ I(M), then
Φ∗gA = Φ
∗(p∗g) + Φ∗(⟪ωA, ωA⟫) = (p ◦ Φ)
∗g + ⟪Φ∗ωA,Φ
∗ωA⟫
= p∗(ϕ∗g) + ⟪ωA, ωA⟫ = p
∗g + ⟪ωA, ωA⟫ = gA.
Conversely, if Φ ∈ I(P ) then Φ∗gA = gA, and hence for all vector fields X,Y on M
and their horizontal lifts X˜, Y˜ ∈ X h(P )
g(X,Y ) = g(p∗(X˜), p∗(Y˜ )) = (p
∗g)(X˜, Y˜ ) = gA(X˜, Y˜ ) = (Φ
∗gA)(X˜, Y˜ )
= Φ∗(p∗g)(X˜, Y˜ ) = (p∗ϕ∗)g(X˜, Y˜ ) = (ϕ∗g)(X,Y ).
(c) It follows from (b) and the definition of IAK(P ).
Remark 2. For any a ∈ k, the map Rexp ta : P → P is the 1-parameter group of
diffeomorphism generated by a#. It is clear that a# ∈ iV (P ).
Proposition 2.2. Let (g, P
p
−→ M,A) be a K-triple over M . Let X˜ denote the
horizontal lift of vector field X ∈ X (M) and ν ∈ A0(ad(P )). The vector field
X˜ + ξν is Killing on (P, gA) if and only if X is a Killing field on (M, g) and
ιXFA = −∇
Aν.
Proof. Let (βt) be the 1-parameter group of local diffeomorphism generated by
Y := X˜ + ξν , and let (αt) denote the 1-parameter group of local diffeomorphism
generated by X . If X is Killing and ιXFA = −∇
Aν, then (αt) are local isometries
of (M, g) and the connection A is invariant under (βt) using Theorem 1.9. From
Lemma 2.1 we deduce that (βt) are local isometries of (P, gA) which means that
Y is Killing. Conversely, if Y = X˜ + ξν is Killing then X is Killing and we have
β∗t gA = gA for all t. By Proposition 1.10 the vertical distribution is invariant under
(βt), hence the horizontal distribution is invariant under (βt) which is equivalent
to the generalized moment map equation ιXFA = −∇
Aν by Theorem 1.9.
Remark 3. Let G(P ) denote the gauge group of principal K-bundle p : P → M
[4], [12], i.e. the group of idM -covering bundle automorphisms of P . The space
of smooth sections of adjoint bundle A0(ad(P )) with point wise bracket can be
considered as the Lie algebra of gauge group [3]. If GA(P ) denotes the stabilizer of
connection A in the gauge group G(P ), then GA(P ) ⊂ IAK(P ). Moreover, thanks to
Proposition 2.2 the Lie algebra of GA(P ) is given by
Lie(GA(P )) = {ν ∈ A0(ad(P ))| ∇Aν = 0}.
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Remark 4. Using Proposition 2.2, if for a Killing vector field X ∈ i(M) there exists
a section ν0 ∈ A
0(ad(P )) which satisfies in the generalized moment map equation,
then X˜ + ξν0 is a fiber preserving Killing field on (P, gA).
Suppose that K is a connected, compact and semisimple Lie group endowed with
a bi invariant metric, then any Killing vector field on K is a sum of a right invariant
vector field and a left invariant vector field on K [9].
Lemma 2.3. Let (g, P
p
−→ M,A) be a K-triple over M . If K is connected, compact
and semisimple, then any vertical Killing field Y on (P, gA) is decomposed as Y =
ξν + a#, where ν ∈ A0(ad(P )) is a ∇A-parallel section and a ∈ k.
Proof. For all y ∈ P the map τy : K → Pp(y) defined by k 7→ yk is an isometry.
Denote by Ty : k → TyPp(y) ≃ (VP )y the derivation of τy at identity element of
K. Since Y is Killing and τy is isometry T
−1
y (Yy) ∈ k is also Killing for all y ∈ P .
Using the fact that K is connected, compact and semisimple, we have the following
decomposition
T−1y (Y ) = v1(y) + v2(y).
where v1(y) is a right invariant vector field and v2(y) is a left invariant vector field
on K. Put Y1 := Ty(v1(y)), Y2 := Ty(v2(y)). One can check that Y1, Y2 are well
defined vertical field on P . We will show that there exist a section ν ∈ A0(ad(P ))
and an element a ∈ k such that Y1 = ξ
ν , Y2 = a
#. Let ν : P → k be a map
defined at y ∈ P by ν(y) := T−1y (Y1). For any k ∈ K we have τyk = τylk, where
lk : K → K denotes the left translation by k ∈ K. If we denote the derivation of
lk by Lk : k→ k then Tyk = Ty ◦ Lk and hence
ν(yk) = T−1yk (Y1) = L
−1
k (T
−1
y (Y1))
= L−1k (v1(y)) =(L
−1
k Rk)v1(y) = adk−1ν(y).
Hence ν ∈ CK(P, k) ≃ A0(ad(P )). So, there exist a section ν ∈ A0(ad(P )) such
that Y1 = ξ
ν . The vertical vector field ξν is Killing if and only if for all vector fields
Z1, Z2 ∈ X (P ) one has
ξνgA(Z1, Z2) = gA([ξ
ν , Z1], Z2) + gA(Z1, [ξ
ν , Z2]).
Taking Z1 = X˜ and Z2 = c
# where X is an arbitrary vector field on M and c ∈ k
and using Lemma 1.7 we see that ∇AXν = 0, which means that ν is ∇
A parallel.
If y, y′ ∈ P are two arbitrary points in the same fiber, then there exist an element
k ∈ K such that y′ = yk. This implies τy′ = τy ◦ lk and Ty′ = Ty ◦ Lk, so
v2(y
′) = T−1y′ (Y2(y
′)) = (L−1k T
−1
y )(Y2(y)) = L
−1
k (v2(y)) = v2(y).
whence v2(y) is constant on the fiber and there exist a ∈ k such that Y2 = a
#.
Theorem 2.4. Let K be a connected, compact and semisimple Lie group. Let
(g, P
p
−→ M,A) be a K-triple over M . If Y ∈ iV (P ) is a fiber preserving Killing
vector field on (P, gA), then
(a) There exists a unique Killing vector field X ∈ i(M) such that the horizontal
projection of Y is the horizontal lift X˜ of X.
(b) If the generalized moment map equation for X admits a solution, then there
exists a section ν ∈ A0(ad(P )) and a ∈ k such that Y decompose as
Y = X˜ + ξν + a# where ιXFA = −∇
Aν.
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Proof. (1) Decompose Y into horizontal projection Y h and vertical projection Y v.
Since Y v is fiber preserving, so is Y h, hence the Lie bracket [Y h, a#] is vertical.
But the Lie bracket of a horizontal field and a fundamental field is horizontal [7,
Page. 65]. Therefore [Y h, a#] = 0 for all a ∈ k which means that (Rk)∗(Y
h) = Y h,
for all k ∈ K. Using [7, Proposition 1.2] there exist a unique vector field X on
M such that Y h = X˜. Because Y is Killing and p∗(Y ) = X , the vector field X is
also Killing. (2) If X is Killing and there exist a section ν0 ∈ A
0(ad(P )) such that
ιXFA = −∇
Aν0, then using Proposition 2.2 we conclude that X˜ + ξ
ν0 is Killing.
Therefore, Y −(X˜+ξν0) is a vertical Killing field and Lemma 2.3 implies that there
exist a ∇A-parallel section ν1 ∈ A
0(ad(P )) and an element a ∈ k such that
Y − (X˜ + ξν0) = ξν1 + a#.
Putting ν := ν0 + ν1 we obtain Y = X˜ + ξ
ν + a#, and we have ιXFA = −∇
Aν.
Proposition 2.5. Let (g, P
p
−→ M,A) be a K-triple over M with compact Lie group
K. The Lie algebra of K-invariant Killing fields of (P, gA), denoted by iK(P ), is a
Lie subalgebra of i(P ) and is given by
iK(P ) = {X˜ + ξ
ν | ιXFA = −∇
Aν , for (X, ν) ∈ i(M)×A0(ad(P ))}.
Proof. If Y ∈ iK(P ), then by Theorem 2.4 there exists a unique Killing vector field
X ∈ i(M) such that the horizontal projection Y h is equal to X˜ . As Y and Y h
are K-invariant Killing fields, the vertical projection Y v is also K-invariant. Since
the action of K on P is free the map ν : P → k is equivariant if and only if ξν
is invariant. Using corollary 1.5 there exists a section ν ∈ A0(ad(P )) such that
Y = ξν . Hence, Y = X˜ + ξν and Proposition 2.2 implies that ιXFA = −∇
Aν.
Conversely, for a Killing field X ∈ i(M) and a section ν ∈ A0(ad(P )) which satisfy
the generalized moment map equation, we have X˜ + ξν ∈ iK(P ).
3. Examples and applications
3.1. Fiber preserving Killing vector field of orthogonal frame bundle. Let
(M, g) be an oriented Riemanian manifold and P = SO(M) its principal bundle
of orthonormal frame. Let A be the Levi-Civita connection on P and endow it
by connection metric gA. The induced linear connection on associated bundle
TM ≃ P ×SO(n) R
n coincide with the Levi-Civita connection of metric g and is
denoted by ∇ : A0(TM )→ A
1(TM ). The connection A induces a linear connection
∇A on the adjoint bundle ad(P ) = End(TM ). The Riemann curvature tensor is
FA ∈ A
2(End(TM )). If X ∈ i(M) is a Killing vector field on M then using [10,
Lemma 6.1] we have ιXFA = −∇
A∇X . Thanks to Proposition 2.2, it follows that
the vector field XL := X˜ + ξ∇X is Killing and will be called the natural lift of X .
We have the following theorem.
Proposition 3.1. [11, Theorem A.] Let SO(M) be the frame bundle of the oriented
Riemannian manifold (M, g). If Y is a fiber preserving Killing vector field on
(SO(M), gA), then Y can be decomposed as
Y = XL + ξν + a#.
where XL is the natural lift of a Killing field X on M , ν is a ∇A-parallel section
of End(TM ) and a ∈ so(n).
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Proof. As Y is a fiber preserving Killing field on SO(M), there exists a Killing field
X ∈ i(M) such that Y h = X˜. Using [10, Lemma 6.1], since X ∈ i(M) is Killing
we have ιXFA = −∇
A∇X . Regarding ∇X as a section of End(TM ) ≃ ad(SO(M)),
the generalized moment map equation ιXFA = −∇
Aν admits a solution ν0 :=
∇X ∈ A0(End(TM )). Using Proposition 2.2 we deduce that the vector field X
L :=
X˜ + ξ∇X is Killing and Theorem 2.4 complete the proof.
3.2. Quantiziable symplectic manifold. A symplectic manifold (M,ω) is called
quantiziable if and only if there is a principal circle bundle p : P →M over M and
a 1-form α ∈ A1(P,R) which is invariant under the action of S1 and dα = p∗ω.
One can prove that (M,ω) is quantiziable if and only if
1
2π
[ω] ∈ H2(M,Z).
For a proof of this result see [1, Page. 440]. By the classical Chern-Weil theory
there exist a connection A on P for which the connection form is given by θA = α
and the curvature form is FA = ω. The circle bundle P is called the quantizing
manifold. In this case, the space of sections of the adjoint bundle A0(ad(P )) can
be identified with C∞(M). Let ν 7→ fν denote this identification. If X˜ denotes the
horizontal lift of a Killing field X onM and ν ∈ A0(ad(P )), then using Proposition
2.2 we deduce that the vector field X˜ + ξν is Killing with respect to gA if and
only if X and ν satisfy the generalized moment map equation. This is to say that
X is a Hamiltonian vector field with Hamiltonian function H : M → R given by
H = −fν + c, where c ∈ R is a constant.
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